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ARTICLE INFO ABSTRACT
Let R be a commutative ring and Z(R)* be the set of all nonzero zero-
divisors. The generalized zero divisor graph of R is defined as the graph
T'y(R) with vertex set Z(R)* and two vertices x and y are adjacent if and
only if anngr(x) + anng(y) is an essential ideal of R. In this paper, we
classify all finite commutative rings R for which I'j(R) has crosscap one.

Introduction

Let R be a finite commutative ring. A nonempty subset I of R is said to be an ideal if (I, +) is a
subgroup of R and for every a € I and r € R, ra € I. A non-zero ideal I of R is called essential,
denoted by I <. R, if I has a non-zero intersection with any non-zero ideal of R.

By a graph G = (V, E), we mean an undirected simple graph with vertex set

V and edge set E. A graph in which each pair of distinct vertices is joined by the edge is called a
complete graph. We use K, to denote the complete graph with n vertices. An r-partite graph is
one whose vertex set can be partitioned into r

subsets so that no edge has both ends in any one subset. A complete r—partite

graph is one in which each vertex is joined to every vertex that is not in the same subset. The
complete bipartite graph (2—partite graph) with part sizes m and n is denoted by Km,n. If G = Kin,
where n =1, then G is a star graph.

By a surface, we mean a connected two-dimensional real manifold, i.e., a con-

nected topological space such that each point has a neighbourhood homeomorphic to an open disk. It
is well known that any compact surface is either homeomorphic to sphere, or to a connected sum of g
tori, or to a connected sum of k projective planes. The orientable genus of a graph G, g(G), is the
minimum genus of a surface in which G can be embedded. The non-orientable genus of a graph G, g(G),
is the minimum non-orientable genus of a surface (crosscaps) in which G can be embedded. The number
g is called the genus of the surface S; and k is called the crosscap of Ni. A planar graph is a graph of
genus (crosscap) 0, a toroidal graph is a graph of genus 1, and a projective graph is a graph of crosscap 1.

Literature review

In the literature, there are many papers assigning graphs to rings, groups and semi- groups, see [1, 2, 8,
12]. First graph construction from a commutative ring is the zero-divisor graph by Beck [8] and
later studied by Anderson et al[2]. There are several other graphs associated with commutative rings
and some of them to men- tion are total graph[3], annihilating-ideal graph[9] and annihilator graph [5].
Several authors [12, 14, 15, 16, 17, 19, 20] studied about various properties of these graphs including
diameter, girth, domination and genus. In [6], Basharlou et al introduced the generalized zero-
divisor graph T'y(R). One can see that the zero-divisor graph I'(R) is a subgraph of the generalized
zero-divisor graph I';(R). Some basic prop- erties like girth, diameter were discussed. All the rings
with the same generalized zero-divisor and zero-divisor graph were characterized. Also, they proved
that the generalized zero-divisor graph associated with an Artinian ring is weakly perfect. Further,
K. Selvakumar et al [7] classified all finite commutative rings R for which I'q(R) is planar. Also, all
finite commutative rings R for which I'y(R) has genus one were classified. In this paper, we
characterized all finite commutative rings R whose crosscap is one.
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Preliminaries

The following are useful in the sequel of this paper and hence given below.
Definition 3.1. Let R be a commutative ring and Z(R)* be the set of all nonzero zero-divisors.
The generalized zero divisor graph of R is defined as the graph T'y(R) with vertex set Z(R)*

and two vertices x and y are adjacent if and only if anng(x) + anng(y) is an essential ideal of
R

'i‘he-urem 3.2. I m > 2and n > 2, then

(m—2)(n—2)

g Kmn) = 1 1.

If m = 3.n = 3. then
o n—2)(n—2)
Q(I\m.n} |-(I+]

Lemma 3.3. Let G be a connected graph with n > 3 vertices and g edges. Then

AG) 2[5 -5 +1] and F(G) >[5 —n+2].

If G contains no cycle of length 3, then

»-}-{G}}{E—g—kl] and (G) > [2—n+2].

B3 |

Lemma 3.4. let R be a finite ring which is not local; then v(I'(R)) = 1 if and only
if R is isomorphic to one of the following 29 types of rings:

¥ Z Zo[z,
Fy x Fy,Fy x Z5,Fy x Zq,Z5 x Z5,Zs X ?}A.E:];?ZQ X @fﬂﬁezi x ozl

<xayyt >’
Ealx Eolx] Eylzx Ealx
Zy X s, T x 2,2 X iy, Lo X T, T X Fa, Py x 250,24 x 2, 2

%—Lﬂf%@ X E__igsl-.z‘l X L5, &5 % %%134 X Ly, Ly x %,Ez x Ly x L3, Lz x L3 x
Eg,zg XZgXF4,Eg ngxﬁﬁ,zg XEQ XE?,EQXEE XIF;;,EQ XZ-‘] XE4,EQ XEQX
228 and Zo x Zp x Za % Za.

4 Crosscap of I'y(R)

In this section, we classify all finite commutative rings whose I'y(R) has crosscap is
1.

Theorem 4.1. Let R = F| x 5 x...x F,, be a finite commutative ring with identity,
where each Fj, where 1 < i < n, is a field. Then g(I'y(R)) = 1 if and only if R is
isomorphic to one of the following rings:

Z;g * Z-Q XZQXEQ,EQ XZ?,XZ;;._ZQ XZQ XZ;,,EQ )(Z;g XJF.;,]F.; XIF4._]F4 XZ_E,.

FProof. Let R = F; » F5 % ... % F,,, where each F;, where 1 < 1 < n, is a field. Let
n > 5. Suppose n = 5. Let |R;| = 2¥i = 1,2,...,5. Then R = Zg x g x Lo x Lo x La.
Let a; = (1,0,0,0,0),az = (0,1,0,0,0),a3 = (1,1,0,0,0),5; = (0,0,1,0,0).by =
(0,0,0,1,0), b3 = (0,0,0,0,1), by = (0,0,1,1,0),
bs = (0,0,0,1,1),b6 = (0,0,1,0,1),b7 = (0,0,1,1,1). Here a;bj = 0 for i = 1,2,3
and j = 1,2,....7sothat K37 C I';(R) which implies that g(I',(R)) = 2. Therefore,
n<d4.
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Consider n = 4. Then by |7, Theorem 3.1|. R = Zs x &5 % L % Ly is the only
choice.

Since g(Ly(R)) = g(Ty(R)), we have g(I';(R)) = 1. Let uy = (1,0,0,0),up =
(0,1,0,0), ug = (1,1,0,0),1 = (0,0,1,0), 12 = (0,0,0,1),
vy = (0,0,1,1),uy = (1,0,1,0),we = (1,0,0,1),wz = (0,1,1,0),wy = (0,1,0,1).
Here u;v; = 0, where 1 = 1,2,3:j = 1,2, 3, so that K33 C I'y(R) = 1. Here, E(G) =
{uiv; : i = 1,2,3} U {wiug, wyve, waus, wavy,
w3y, watly, waity, wyvy } U {wywy, waws}. Now, the embedding of T'y(R) in the pro-
jective plane is given in Figure 1. Therefore, §(T;(R)) = 1.

Consider n = 3. Then by [7, Theorem 3.1], Zg x Zg x Ly, Ly x By x Ly, Ly x Ty %
Fs, g ¥ Lg x Fy, Ly ¥ E5 ® L7 are the only choice.

For R = Zy x Zg x Zq, let a; = (1,0,0),a2 = (0,1,0),a3 = (1,1,0),b; =
(0,0,1),b2 = (0,0,2),b3 = (0,0,3),bs = (0,0,4),b5 = (0,0,5),bs = (0,0,6). Here
aibj = 0, where 1 = 1,2,3;5 = 1,2,...,6, so that Kz C I'y(R). Therefore,
9(Ty(R)) > 2.

For R 2 Z3 x Z3 x Z3. let G = T'y(R). Let uy = (1,0,0),uz = (0,0,1),uz =
(0,2,0),01 = (0,1,0),v2 = (2,0,0),03 = (0,0,2), W7 = {(0,1,1),(0,1,2),

Figure 1: I'y(Zg x Zg x Lo x La) in Ny

(0,2.1),(0,2,2)},Wa = {(1,0,1),(1,0,2),(2,0,1),(2,0,2)} and W3 = {(1,1,0),
(1.2,0),(2,1,0),(2,2,0)}. Since g(I'y(R)) = 1, we have g(I';(RK)) = 1. Now, the
embedding in the projective plaqe is given iq Figuge 2. Therefore, g(I'y(R)) = 1.
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Figure 2: I'j(Z3 x Zg x Zg) in N

For R = Bo x Zg x L3, let G = T'y(Zg x Ly x Z3). Since g(I'(R)) = 1, we have
g(I';(R)) = 1. Moreover, G is the subgraph of I'j(Z3 x Zg x Z3). Therefore, we have
§(T4(R)) = 1.

For R=17s x g x Zg, let G =1'3(R). Now, let u1 = (1,0,0),us = (0,1,0), uz =
(1,1,0),v; = (0,0,1),1% = (0,0,2),v3 = (0,0,3),vy = (0,0,4),
wi = (1,0,1),w2 = {1'-[]:-2):'“"3 = (lﬁﬂfg}:n'w-'i = {lfl]'-‘l}wa = (0,1,1),wg =
(0,1,2),wy = (0,1,3),ws = (0,1,4). Here u;v; =0, where i =1,2.3;j=1,...,4, s0
that K34 C I';(R). Therefore, g(I';(R)) = 1. Also, G =G —{wy,ws,...,wg} can be

embedded in the projective plane in Figure 1. Therefore, g(I',(R)) = 1.
For R= ZoxZoxFy, let G =10g(R). Now, let uy = (1,0, x0),u2 = (0,1, 20), us =

Figure 3: I'j(Zq x Ly x Zs) in N
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(11-11-1!1]}:1'11 = (D,G._.Iljl._l-‘g = {D,D,.‘I.‘Q:I._‘Ug = (ﬂ._[],.‘l‘gjl,_,
= (L,0,z1),ws = (1,0,z2),ws = (1,0,23),wq = (0,1, x1), w5 = (0,1, x9),
wg = (0,1, x3). Here u;v; = 0, where i = 1,2,3;j = 1,...,3, so that K33 C I'y(R).
Therefore, g(I'y (1)) = 1. Also, I';(R) is the subgraph of I'; (Zg x Zo x Fy4). Therefore,
§(T4(R)) = 1.
Consider n = 2. Then, from Lemma 3.4, Fy x Fy,Fy x Z5,Fy x &y, s x L5 are
the only choice.

For R%’F.; x Ly, let G =1y(R). Let up = ,0),u2 = (x2,0),uz = (z3,0),v1 =
(rg, 1), = (rp,2),v3 = (zp,3), 14 = (rp,4),vs = (xp,5),
g = {1‘1] 6). Here, u;v; = 0 for every i =1, 2 3.7=1,...,6,s0 that K34 C I'j(R).

Therefore, by Lemma 3.2, we get g(G) = 2.

For R=Fy x s, let G =1'y(R). Let ug = (x1,0),u2 = (22,0),u3 = (73.0), 11 =
(g, 1), v2 = (29.2),v3 = (29, 3),v4 = (xp,4). Here, u;v; = 0 for every i =1,2,3;j =
1,....4, so0 that Kq4 C I'j(R). Therefore, §(G) = 1. Also, the embedding of I';( 1)
in the projective plane is given in Figure 3.

For R = Fy x Fy, let G = I'y(R). Let w1 = (z1,70), 22 = (x2,70),u3 =
(r3,rp),v1 = (xo,71),v2 = (x0,71),v3 = (20, 73). Here, ujv; = 0 for every i =
1,2,3:5=1,...,3, s0 that K33 C I'y(R). Therefore, g(G) = 1. Also, we see that
I'g(Fq x Fy) C TQ{IE';; x Lg). Therefore, we get g(I'y(R)) = 1.

For R = s x Zs, let G = ['y(R). Let ug = (1,0),us = (2,0),uz = (3,0),uq4 =
(4,0)v1 = (0,1),v2 = (0,2),v3 = (0,3),v4 = (0,4). Here, u;v; = 0 for every i =
L....47=1,...,4,s0 that Ky 4 C I';(R). Therefore, Therefore, by Lemma 3.2, we

get g(G) = 2.
1

Theorem 4.2. Let B = By x By x ... x K, be a finite commutative ring with
identity, where each R;, where 1 < i < n, is a finite local rings. Then g(I'y(R)) =1

if and only if K is isomorphic to one of the following rings: Zo % {if [ﬂ} ,Fa x

Fy[z.y Fa[r Ly|x Falr
Ry Lo X o e X o s L < By, «::[?} x Fy.

Proof. For n > 4, there is no rings in this case by [7, Theorem 2.1].
suppose n = 3. Then R = Ry x Ky x Hs, where (R;,m;) is a local ring for

i=1,2,3. Then by [7, Theorem 2.1|, Zy x Zg x gy = Ly x Lg x =~ *[ 7] s the only case.
DI

Figure 4: T'g({Ey = Fy) in Ny
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For R = Zo x Bo x £y, let uy = (1,0,0),u9 = (0,1,0),ug = (1,1,0),uq4 =
(0,1,2),us = (1,0,2),v1 = (0,0,1),v2 = (0,0,2),v3 = (0,0,3). Here u;v; = 0 for
every i = 1,2,...5,7 = 1,2,3, so that K35 C I'g(R) and so g(I'y(R)) = 2 by
Theorem 3.2.

Suppose n = 2. From [7, Theorem 2.1], Zy x Zy, Ly x -::1-~::- Elfl' %E—:L T %

Zs, L3 x 2 By x U 2y x Fy, 225 x Py, Zo x S8 7y x U — 7y x

z
TS Tz‘ﬁi] = g —Q—{T‘__[;_l} are the only choice.
For R = Zy x Zy, let w1 = (1,0),u2 = (2,0),us = (3,0),mq4 = (2,2),11 =

(0,1),v2a = (0,2),v3 = (0,3),71 = (2,1), 72 = (2,3), 73 = (1,2), 14 = (3,2). Here
wv; =0 for i =1,2,3,4;j = 1,2,3 so that K54 C I'yj(R). Here, E(G) = {uv;|i =
1,..,400 = 1,2, 3P {uque, uoug, tyily, Untig, Uaty YU X1 Ua, T1lly, TV, Toly, Tols, Tolly, Talig, Tal, T4ll,
{z124, 9223, TOTY }. Also, |E(G)| = 38 and |V(G)| = 11. Therefore, by Lemma 3.3,
we get g(I'y(R)) =

Since I'y(ZyxZy) 2 Ty E@-{%@- %_Li—;ljxfir}] ﬂegetg (E4><E_L—:l-
& Fa
Ty(ZHE x ) 2 2. _
Fcrr R =2 Zy x Fy, let G = I'y(R). Now, let a1 = (1,z0),a2 = (2,2p),a3 =
(3,x0), by = (O,x),b0 = (0,m9),b3 = (0,x3),017 = (2,11),

ey = (2,x9),c5 = (2,73). Here a;b; = 0 for every i = 1,2,3;j = 1,2,3, so that
K33 CI'y(R) and so g(I'y(R)) = 1. However, G=0— {e1,¢2.e3} can be embedded
in the projective plane given in Figure 4. Therefore, g(I';(R)) = 1.

Since Ty(Zy x Fy) = Ty(Z21L x Fy), so that g(Ty(22HL x Fy)) = 1.

For i = ngﬂ[ﬂ- let G =T'y(R). Let uy = (0,x),us = (0,ax),us = (0,bx),v; =

<TE>?
{1'.-[”31"2 = [1'.-1'}3?-13 = {1,&-1‘],1-4 = Ifl..b.'lfjl un = fD,]),'IUQ = [G*l +1‘:|,'LI'.-'3 = {G*l +

cef dag

; fﬁdcb

Figure 5: T'y(Z3 x Zg) in N
ar),wy = (0,1 + bx). Here wyv; =0 forevery i = 1,2,3:7=1,...,4, so that K34 C
FQ[R]. Therefore, g(I'y(£)) = 1. Also, G =G—{wi,...,wy} can be embedded in the

projective plane in Figure 6. Therefore, g(G) = 1. Since I' j(Zg x ﬁﬂl—}} Ly(R).

we have g(Ty(Zy X =il _)) = 1.
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EL J‘ o Zalz,y] — ) Tyl -
} F-” erz:ry_y'z:;.} = rr;":.E'E bt m,‘l in Ny

Figure 6: I'y(Za x
For R = Fy x {ﬁf'll%— let G =T,(R). Now, let uy = (0,z),us = (0,y),ug =
(0,r+y)nn = (1,0),12 = (Lx),va = (L,y),ma = (L,r+y),wy = (0,1),ws =
0,1+ =), wyg = (0,1 +y),wy = (0,1 4+x+y). Here, w;.v; =0 fori = 1,23 =
1,2,3.4 so that K34 < I'y(R). Therefore, g(I';(R)) = 1. However, we can draw

G=g— {w1,...,ws} in the projective plane given in Figure 6. Therefore, g(G) = 1.
Since I'y(Za x — c,r —5—) Z'y(R), we have g(I'y(Za x —i? ) =1 O

Conclusion
In this article, we have studied generalized zero-divisor graphs I'4(R) of finite com- mutative ring R. We
classified all finite commutative rings whose I'y(R) has crosscap one.
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