[Educational
Administration
Theory and Practice

Educational Administration: Theory and Practice
2024, 30(1), 1180-1188

ISSN: 2148-2403

https://kuey.net Research Article

Harmonic Mean Cordial Labeling of Some Cycle Related
Graphs

Harsh Gandhit*, Jaydeep Parejiya2, M M Jariya3, Ramesh Solanki4

Research Scholar, Children’s University, Gandhinagar — 382021, Gujarat (INDIA), Email ID: hrgmaths@gmail.com

2Lecturer, Government Polytechnic College, Rajkot — 360004, Gujarat (INDIA), Email ID: parejiyajay@gmail.com

3Associate Professor, Children’s University, Gandhinagar — 382021, Gujarat (INDIA), Email ID: mahesh.jariya@gmail.com
4Lecturer, Government Polytechnic College, Vyara — 394650, Gujarat (INDIA), Email ID: rameshsolanki_maths12@yahoo.com

*Corresponding Author: Harsh Gandhi
*Research Scholar, Children’s University, Gandhinagar — 382021, Gujarat (INDIA), Email ID: hrgmaths@gmail.com

Citation: Harsh Gandhi, et al (2024) Harmonic Mean Cordial Labeling Of Some Cycle Related Graphs, Educational Administration:
Theory and Practice, 30(1), 1180-1188
Doi: 10.53555/kuey.v30i1.6074

ARTICLE INFO ABSTRACT

All the graphs considered in this article are simple and undirected. Let G =
(V(G),E(G)) be a simple undirected Graph. A function f: V(G) - {1,2} is
called Harmonic Mean Cordial if the induced function f*: E(G) — {1,2} defined
by f*(uv) = l% satisfies the condition |vf(i) - vf(i)| < 1and |ef(i) —
ef(i)| < 1 for any i,j € {1,2}, where v;(x) and es(x) denotes the number of
vertices and number of edges with label x respectively and |x| is the floor
function. A Graph G is called Harmonic Mean Cordial graph if it admits
Harmonic Mean Cordial labeling. In this article, we have discussed Harmonic
Mean Cordial labeling of Some Cycle Related Graphs.

Keywords: Harmonic Mean Cordial Labeling, Cycle, Helm graph, Web Graph,
Total Graph

AMS Subject Classification (2020): 05C78, 05C76
1. Introduction

The notion of graph labeling in graph theory has garnered significant attention from scholars because of its
wide-ranging and rigorous applications in domains such as communication network design and analysis,
military surveillance, social sciences, optimization, and linear algebra. Various graph labelings are documented
in the current body of literature. A dynamic survey of graph labeling by Gallian [1] is a condensed compilation
of a lengthy bibliography of articles on the subject.

Let G = (V(G), E(G)) be a simple undirected Graph. Recall from [2] that a function f : V(G) » {1,2} is called

Harmonic Mean Cordial if the induced function f*: E(G) — {1,2} defined by f*(uv) = l% satisfies the

condition |v;(i) —v;(j)| < 1 and |e;(i) —e;(j)| < 1 for any i,j € {1,2}, where v;(x) and e;(x) denotes the
number of vertices and number of edges with label x respectively and |x| is the greatest integer less than or
equals to x. A Graph G is called Harmonic Mean Cordial graph if it admits Harmonic Mean Cordial labeling.
Motivated by the interesting results proved in [2, 3, 4] and on Root Cube Mean Cordial Labeling in [5], we have
discussed HMC labeling of Harmonic Mean Cordial labeling of Some Cycle Related Graphs.

Definition 1.1. [1] The armed crown is a graph in which path P, is attached at each vertex of cycle C,, by an
edge. It is denoted by ACr, where n is the number of vertices of cycle C,,.

Definition 1.2. [1] The helm graph H,, is the graph obtained from a wheel W, by attaching a pendent edge at
each vertex of the cycle.

Definition 1.3. [1] A web graph Wb, is the graph obtained by joining the pendent vertices of a helm to form
a cycle and then adding a single pendent edge to each vertex of this outer cycle.
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Definition 1.4. [1] The Flower graph Fl,, is obtain from helm H,, by joining each pendent vertex to the apex
of the helm.

Definition 1.5. [1] The Tadpole (Kite) is formed by joining the end point of a path B, to a cycle C,. It is
denoted by C,,,@P,.

Definition 1.6. [1] Let G be a graph with two or more vertices then the total graph T (G) of graph G is the
graph whose vertex set is V (G) U E(G) and two vertices are adjacent whenever they are either adjacent or
incident in G.

In Theorem 2.1 we have proved that Armed Crown graph ACr, is HMC. The Helm graph H,, is HMC proved in
Theorem 2.3. It is shown that The Web graph Wb,, is HMC in Theorem 2.5. In Theorem 2.7, it is proved that
the Flower graph FI,, is HMC. In theorem 2.9 and 2.11 we have derived the condition on natural numbers m, n
for which the Tadpole (Kite) graph C,,, @B, is HMC. It is shown in Theorem 2.12 that the Total Path graph T(B,)
is HMC.

2. Main Results
Theorem 2.1. The Armed crown ACr, is HMC.

Proof. Let G = (V,E) = ACr, be the armed crown graph. Note that |V| = |E| = 3n.LetV = {x,x5,...,x3,} be
the vertex set of G as shown in the following figure — 1:

ACry,
Figure —1

Case 1: 3n is even
Define a labeling function f : V(ACr,) — {1,2} as follows,

) ) 3n
21f1$1$7
f(x) =
1if7+1sis 3n

Then vy (1) = v4(2) = gand er(1) =er(2) = nT” So, we have |vf(1) - vf(2)| =0and |ef(1) — ef(2)| =0.

Case 2: 3nis odd
Define a labeling function f : V(ACr,) — {1,2} as follows,

3n+1
2if1<i<
fo) = 3n+3
1 if <i< 3n
3n—1 3n+1 3n—-1 3n+1
Then vy (1) = == ,v(2) = o and ;(1) = 2—, e;(2) = === So, we have [v(1) — v(2)| = 1 and |e(1) -
es(2)| = 1.

Hence, ACr, is HMC.
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Illustration 2.2. HMC labeling of ACrs and ACrg is shown in following figure — 2.

o
ro
re

"~

%)

<]

ACry ACrq
Figure — 2

Theorem 2.3. The Helm graph H,, is HMC.

Proof. Let G = (V,E) = H, be the Helm graph. Note that |[V|=2n+1 and |E|=3n. Let V = {v,x,,
Xg,.eey Xn, Y1, V2, - - -, Vn} De the vertex set of G as shown in the following figure — 2:
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Figure — 3

Case 1: n is even

Define a labeling function f : V(H,) - {1,2} as follows,

fw) =2,

fa)=2ifl< i< 2+1,

fon =2 ifl<si< >-1,

fx) =1, if§+2 <i<nand

fon =1, ifZ<i<n

Then v;(1) =n,v(2) =n+ 1and e;(1) = e;(2) = 3771 So, we have |v;(1) — v;(2)| = 1 and |e;(1) — e/(2)| = 0.

Case 2: nis odd

Define a labeling function f : V(H,) - {1,2} as follows,
fx) =2,

f) =2, if1<i< ™=
fo) =2 if1<i< ™=,

flx) =1, ifnsziSnand

’
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n+1

f) =1, ifTSiSn.
Then vy(1) = n,v,(2) =n+1 and ;(1) = 222, ¢,(2) ===, So, we have |v;(1) = v;(2)| =1 and |e,;(1) -

2
er(2)| = 1.
Hence, The Helm graph H,, is HMC.

Illustration 2.4. HMC labeling of H, and H; is shown in following figure — 4.

Figure — 4

Theorem 2.5. The Web graph Wh,, is HMC.
Proof. lLet G = (V,E) =Wb, be the Web graph. Note that |V|=3n+1 and |E|=5n. Let V =
{%, %11, %12, o, X1y X2 1, X2 2 5 -+ » X2, X311, X325 -+ -, X3 .} D€ the vertex set of G as shown in the following figure —

5:

Figure —5

Case 1: 3n + 1 is even

Define a labeling function f: V (Wb, ) - {1,2} as follows,
fx) =2,

flxy)=2if1<i<n,

f(xz_i) =2, ifl<i=0(mod2) <n,
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5n+1
2

3n+1

’

flxy;)=1,if1<i=1(mod2) <nf(xs;) =1, if 1 <i<n Then vp(1) =vp(2) =
er(2) = 1. So, we have |vr(1) — v¢(2)| = 0 and |ef(1) — er(2)] = 1.

P

and ef(1) =

Case 2: 3n + 1 is odd
Define a labeling function f: V (Wb, ) — {1,2} as follows,

f(x) =2,

flxy)=2if1<i<n,

fxy;) =2, if1<i=1(mod2)<mn,

fxy;) =1, if1<i=0(mod2) <n,

f(xs;) =1, if 1 < i <n. Then (1) = 37" vp(2) =
1 and |ef(1) —ef(2)] = 0.

Hence, The Web graph Wb,, is HMC.

3n+2
2

and e;(1) = e;(2) =" . So, we have |vy(1) — v;(2)| =

Illustration 2.6. HMC labeling of H, and H, is shown in following figure — 6.

VVbS VVbG
Figure — 6

Theorem 2.7. The Flower graph Fl,, is HMC.
Proof. Suppose G = (V,E) = Fl, be the Flower graph. Note that |V|=2n+1 and |E| =4n. Let V =
{2, %1, X2, X, Xpg1) Xna2, - - -» X2n } D€ the vertex set of G as shown in the following figure — 7:

Figure —7
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Define a labeling function f : V(Fl,) » {1,2} as follows,

fx) =2,

f(x)=2if1<i<nand

fx)=1ifn+1<i<2n.

Then v;(1) =n, v;(2) =n+ 1 and e;(1) = e;(2) = 2n. So, we have |v;(1) — v,(2)| = 1 and |e;(1) — &;(2)| =
0.

Hence, Flower graph Fl,, is HMC

Illustration 2.8. HMC labeling of Fl; is shown in following figure — 8.

Figure — 8
Theorem 2.9. The Tadpole C,,@P, is HMC for m + n is even or m + n is odd and m < n.
Proof. let G = (V,E)=C,@P,be the tadpole graph. Note that |V|=|E|=m+n—-1. Let V =
{x1, %3, ..., Xman—1} be the vertex set of G as shown in the following figure — 9:
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Cn,@P,
Figure — 9

Case 1: m + n is even
Define a labeling function f:V(C,,@B,) - {1,2} as follows,

21f1stsm7+"

(x) =

4 1 if <i<m+n-1

Then v, (1) = %"‘2 v(2) = =% and e (1) = %"‘2 er(2) = ==, So, we have |vy (1) — v;(2)| = 1and |e; (1) —
er(2)] = 1.

m+n+2
2

Case2:m+nisoddand m < nvm,n € N
Define a labeling function f:V(C,,@PB,) —» {1,2} as follows,
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2if1<i< 2t

flx) =
! 1if%”“sl‘3m+n—1

Then vy (1) = v;(2) = ™2 and e;(1) = 7(2) = ™= So, we have |v;(1) — v;(2)| = 0 and |e;(1) — &;(2)| =
0.

Hence, The Tadpole C,,,@P, is HMC for m + n is even or m + n is odd and m < n.

Illustration 2.10. HMC labeling of C;@P; and C;@P, is shown in following figure — 10.

C;@Ps

C;@Pg
Figure — 10

Theorem 2.11. The Tadpole C,, @B, is not HMC for m + n is odd and m > n.
Proof. Let G = (V,E) =C,,@P,be the tadpole graph. Note that |V|=|E|=m+n— 1(even). Let V =
{x1,%5,..., Xmin_1} be the vertex set of G as shown in the following figure — 11:
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Cn,@P,
Figure — 11

Suppose that ¢ is HMC. Then we have vy(1) = v;(2) = %’H Now, we consider the following cases.
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Case 1: Vertex x,,_; has labeling 1
Note that we have at least two edges whose one end vertex is 1 and another end vertex is 2 in C,,. Suppose that

there exist r —edges whose one end vertex is 1 and another end vertex is 2. Then we have e;(1) = m+n2+7'—1’

er(2) < mnT_r_l Note that |ef(1) — ef(2)| >r>1.

Case 2: Vertex x,,,_; has labeling 2

m-n+1

—(n-1)=—
So, |ef(1) — ef(2)| = n > 1. we have

m+n-—1

Subcase 2.1: All the vertices of path have label 2. Then in C,, we have >

m-n+1 m+n—1 m+n-1 m+n+1

2. Hence e;(2) <n + > -1= > and ef(1) = . +1= o
les(1) — e (2)] > 1.

vertices of label

m+n-1 .
S vertices of label 2. So, we have

m— (m+:_1) = (m—2n+1) > 1 vertices with labeled 1 in C,,. So, in this case we have at least two edges in C,,, with

one end vertex has labeled 1 and another end vertex has labeled 2. Also, edge x,,,_;x,,+1 has one end vertex has
labeled 1 and another end vertex have labeled 2. So, we have at least three edges whose one end vertex has
labeled 1 and another end vertex have labeled 2. Suppose that there exist r —edges whose one end vertex is 1

m+n+r-2 m+n-r
T er(2) < . . Note that |ef(1) — ef(2)| =r—1>

Subcase 2.2: All the vertices of path have label 1. Then in C,, we have

and another end vertex is 2. Then we have ef(1) >
1.

Subcase 2.3: If some of the vertices of labeled 2 are in P, and some of the vertices of labeled 1 in C,,, Then in
C, we have at least two edges with one end vertex has labeled 2 and another end vertex has labeled 1 and in B,
we have at least one edge with one end vertex has labeled 2 and another end vertex has labeled 1. So, we have
at least three edges whose one end vertex has labeled 1 and another end vertex have labeled 2. Suppose that

there exist r —edges whose one end vertex is 1 and another end vertex is 2. Then we have e;(1) = m+n2+r_2,
er(2) < m+2n_r. Note that |ef(1) — ef(2)| =r—1>1.
Hence, The Tadpole C,,@P, is not HMC for m + n is odd and m > n.

Theorem 2.12. The total path graph T(B,) is HMC.
Proof. Let G = (V,E) = T(B,) be the total path graph. Note that |V|=2n—1 and |E| =4n—5. Let V =
{x1,%5,..., %31} be the vertex set of G as shown in the following figure — 12:

Vg
Y.
L4

T(P)
Figure — 12
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Define a labeling function f : V(T'(B,)) — {1,2} as follows,
f(x.)={2 if1<i<n
¢ lifn+1<i< 2n-1
Then vp(1) =n—1, v;(2) =nande(1) = 2n — 2,e7(2) = 2n — 3.So, we have |v;(1) — v(2)| = 1and |e;(1) —
er(2)] = 1.
Hence, the total path graph T(P,) is HMC.
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IlMlustration 2.13. HMC labeling of T'(P;s) is shown in following figure — 13.

T(Ps)
Figure — 13

4. Conclusion

In this article we have proved that Armed Crown graph ACr,, Helm graph H,,, Web graph Wb,,, Flower graph
Fl, , Total Path graph T(B,) are HMC. Also, we have derived the condition on natural numbers m and n for
which Tadpole (Kite) C,,,@P, is HMC.
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