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ARTICLE INFO ABSTRACT
In this paper we investigate absolute mean cordial labeling for some graphs. We
have proved that complete biapartite graph K, grid graph P, x P, step grid
graph St,, double step grid graph DSt,, wheel W, sunlet graph S,, gear graph G,
swastik graph SW,, sunflower graph SF;, flower graph F;,, and extended friendship
graph F, , are absolute mean cordial graphs.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V (G),E(G)). the concept of cordial labeling
was introduced by Cahit [5]. laege number of papers are found with variety of applicationsin cordial theory,
radar communication, cryptography etc. For an extensive survey on graph labeling and bibliographic
references we refer to Gallian [3]. Most of the graph labeling techniques trace their origin to graceful labeling
introduced independently by Rosa [2] and Golomb [4]. Kaneria and Kanani introduced absolute mean cordial
labeling. we have used all terminologies and notations from Harary [1]. We will give brief summary of
definitions and other information which are useful for the present investigations.

Definition 1.1. A function f: V (G) —— {0,1} is called binary vertex labeling of a graph G and f(v) is called
label of vertex of G under f. for an edge e = (uv), the induced function f: E(G) —— {0,1} defined as f-(e) = |f{u)
- flv)]. let v{0),vd(1) be number of vertices of G having labels 0 and 1 respectively under f and let ef0),e{1)
be number of edges of G having edge labels 0 and 1 eespectively under f*. a binary vertex labeling f of graph
is called cordial labeling if |[u{0)-vA1) < 1 and |e{0) — ef1)| < 1. a graph is called cordial graph if it admits a
cordial labeling.

Definition 1.2. A function f is ca(gled an absolute mean cordial labeling of a graph G = (V (G),E(G)), if
feV(G) — {0,+2, 44, ..., :|:2L§J} is one-one and the induced function f : E(G) —— {0,1}
1 -if U'('U);f("b‘” < |‘%‘|

fH(e) = { _
defined as, 0 ;otherwise and the satisfies the condition |e{0) — ef1)| < 1 is onto for
every edge e = (u,v) € E(G). a graph is called an absolute mean cordial if it admits an absolute mean cordial
labeling.

Definition 1.3. A function fis called an absolute mean graceful of a graph G with q edges, if the vertex
labeling function f : V (G) — {0,+1,+2,+3,...,£q} is one-one and the edge labeling function f : E(G) —

* _ [ If(u)—=f(v)
{1,2,3,...,q} defined as/ " (wv) = [ D) ] is bijective, for every edge uv € E(G).

If a graph G admits absolute mean graceful labeling, then it is called absolute mean graceful graph.

2 Main Results

Theorem 2.1. Every complete bipartite graph Km s absolute mean cordial graph.

Proof. let G = Kin,n be complete bipartite graph. let vertex set M = {u,us,...,um} of m— part and N = {v,Va,...,Un}
of n— part of G.
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i.e. V(G) = {us,ts,e..;Um,Us,Vs,...,Un} and E(G) = {uvj/1 <1 < m,1 < j < n}. to obtain vertex labeling functioin
. ) q
fV(G) —{0,42, 44, . £[3]} e take following cases.
Case-1: n = 0(mod2)
fmgz{q+2—m ifi=1,2,...m

L 2 —q—2 ifj=1,2,..2
j(bj)z{ 27 _ -if s _ n+2 n+4d )
j—n Jif j =555, 5=, ...,n

Case-2: n = 1(mod2)
subcase-1: m = 0(mod2)
fmgz{q+2—% fi=1.2....m
2j—q—2 ;ifj=12 . %+
flvj)) =4 —m pif j = 2
2j—n—1 ;ifj =2k
subcase-2: m = 1(mod2)
flu;) = { g+2—2i ;ifi=1,2,....m
2j—q—2 ;ifj=1,2,.. 2+
floj)=q 1-m Dif j = 2
2j—n—1 ;ifj =1k

R
e
=
o

)

[
.
=

I

M|_
]
=
v+
S0

=

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {0,1} is onto. also f satisfies the condition |e{0) — e[{1)| < 1. hence, fis an absolute mean cordial
labeling for G. therefore, complete bipartite graph is an absolute mean cordial graph.

Ilustration 2.2. Absolute mean cordial labeling for complete bipartite graph K,;withp =7 and g = 12 is
shown in following Figure 1.

12 10 8 6

-12 -4 2
Figure 1: Absolute mean cordial labeling for complete bipartite graph K, ;.

Theorem 2.3. Every grid graph Pm x Pyis absolute mean cordial graph.

Proof. let G = P, x P,be grid graph with vertex set

V(G) ={u1,1,u1,2,...,ul,mu2,1,u2,2,...,u2,m,...,un,1,un,2,...,un,m »

clearly |V (G)| = mn,|E(G)|] = 2mn - (m + n). to obtain vertex labeling functioin f : V (G) ——
{0,£2, x4, £ F] }, we take following cases.
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Case-1: n = 0(mod2)
flus) = { (—1)H[g+201—j— [5m)] :ifi=1.2,...2&ji=12...m
nrl n 4

2
(121 —j 4 [2=52|m]  ;ifi=282, 2 L n&ji=1,2,..,

Case-2: n = 1(mod2)

subcase-1: m = 0(mod2)

T]m)] cifi=1,2, .., “21 &ji=12,...m
Flui) = | (—1)H[g+201 —j— [F]m)] ;ifi="F&j=12,..,%
" (=1)1H2[1 — j + [2=H2]m)] pifi= "l & j=mi2 md oy
| (—D)92[1 — j + [ 2522 m] pifi=3 18 n&j=12..m
subcase-2: m = 1(mod2)
([ (-1)"H[g+2(1 -7 — [%]m)] pifi=1,2, .., “21 &ji=1,2...m
(—1)H[g+20 —j— [F]m)] ;ifi="F &j=1,2, .., 750
fluij) = (—=1)"*74 pifi =24 & j =1
(—1)‘:'3'2[1 —j+ [ S'Q]m] pifi= "l & j=m8 ms |y
[ (=121 —j+ [252]m] cifi=3 20 n&i=1,2...m

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*

: E(G) —— {o0,1} is onto. also f satisfies the condition |ed0) — e{1)| < 1.

hence, fis an absolute mean cordial labeling for G. Therefore, grid graph is an absolute mean cordial graph.

lustration 2.4. Absolute mean cordial labeling for grid graph Ps x P,with p = 24 and q =
following Figure 2.

38 -36 34 -32 30 -28

-39 36| -34 32| -30] 28

12 -10 8l -6 4 -2

-12 -8 6 -4 2
Figure 2: Absolute mean cordial labeling for grid graph Ps x P,.
Theorem 2.5. Every step grid graph St,is absolute mean cordial graph.

Proof. let G = St,,be step grid graph with vertex set
V(G) = {u,1,us,2,...,U1,1,Us,1,Us,2,...,Us,N—1,Us,1,U3,2,...,Us,N—2,...,Un 1 }

_ 124302 — 2
clearly|V(G)| - HTH [E(G)] = n” + 1 = 2 the vertex labeling functioin f: V (G) -—
{0, £2,+4, ..., £|

( i

gJ _}deﬁned as follows.
(=1)"H9(2n — 2§ +2) ifi=1,2&57=2,4,...,n
(=1)"™Miln—1)+n—2j—23(i—2)+3] ;ifi=3,57,..&j=i+1,i+2,
(=) i(n—1) — 25 —2>°(i — 3) + 4] ifi=4,6,8,...&j=i+1,i+2,
fluij) =4 (=1)""(q — 2n + 2i) ifj=1, &i=1,2,...,n
(=1)"*(q — 2n + 24) ifj=2,&i=3,4,...n
(=) [g— G+ 1)n+2i+2> (5 —2)] ;if j=3,5,7,..&i=j+1,j+2
| (1) [g—jn+2i+23 (7 — 3)] ifj=4,6,8,..&i=j+1,j+2

38 is shown in

e —i+2
ey —i+2
s — J 42
s — J 42

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {0,1} is onto. also f satisfies the condition |e{0) — ef1)| < 1. hence, fis an absolute mean cordial

labeling for G. therefore, step grid graph is an absolute mean cordial graph.
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lustration 2.6. Absolute mean cordial labeling for step grid graph St; with p = 18 and q = 28 is shown in
following Figure 3.
28 -28

-26 26| -18

24 -24 16| -10

-22 8 -6 4 -2

20 -8 6 -4 2
Figure 3: Absolute mean cordial labeling for step grid graph St;.
Theorem 2.7. Every double step grid graph DSt,is absolute mean cordial graph.

Proof. let G = DSt, be step grid graph with vertex set

V(@) ={us,1,us,1,...,Un 1,U1,2,Us,2,...,Un—1,2,U1,3,Us,3,...,Un—2,3,...,Us,N1—1,

v1,1,v2,1,...,01,1,01,2,02,2,...,un—1,2,01,3,02,3,...,UN—2,3,...,u1,n—1, }

clearly |V(G)| = n2+ n - 2,|E(G)| = 2n2 - n — 2. the vertex labeling functioin f: V (G) -—
: q

{0,£2, £4, ..., £[3] }defined as follows.

(—1)"9(2i + 2| L2 | n) ifj=1,2,..,4&i=1,2,...n—j+1

fluig) =9 (=) [n(j—1)+2i—4>( Jz—; 1if =579, . &i=1,2,..n—j+1
(1) [n(j —2)+2i —43(5)] ;ifj=16,8,10,...&i=1,2,..,n—j+1
(=) (g — 2n + 20) ifj=1,2&i=1,2,..n—j+1

flrij) =4 (1) g— G+ Dn+2i+45(j —2)] ;ifj=3,5,7,.&i=1,2,..,n—j+1
(=) g — jn4+2i +43(5 — 3)] (ifj=4,6,8,...&i=1,2,..n—j+1

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {o0,1} is onto. also f satisfies the condition |ed{0) — e{1)| < 1.

hence, fis an absolute mean cordial labeling for G. therefore, double step grid graph is an absolute mean cordial
graph.

Ilustration 2.8. Absolute mean cordial labeling for double step grid graph DSt, with p = 18 and q = 26 is
shown in following Figure 4.

12 -4 4| -22 22| -18

-10 2 -2 20 -20 16
Figure 4: Absolute mean cordial abelling for double step grid graph DSt,.

Theorem 2.9. Every wheel W, is absolute mean cordial graph.
Proof. let G = W, be a wheel. let v;,v,,...,un be rim vertices and v, be apex vertex. i.e. V (G) = {vs,Vs,...,Un} and
EG = {ww/1 < 1 =< ndowi/1 < 1 < ni{vwny. the vertex labeling functioin
fV(G) — {0,42, 44, ... £} gefined as follows.
Flvs) = { qg—2i+2 lf; =1,2,...n
—2q ;ifi =10

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {o0,1} is onto. also f satisfies the condition |e{0) — ed1)| < 1. hence, f is an absolute mean cordial
labeling for G. therefore, wheel is an absolute mean cordial graph.
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Ilustration 2.10. Absolute mean cordial 3098abelling for wheel Ws with p = 9 and q = 16 is shown in
following Figure 5.

1

8
Figure 5: Absolute mean cordial 3098abelling for wheel W5s.
Theorem 2.11. Every sunlet graph S, is absolute mean cordial graph.

Proof. let G = S, be a sunlet graph obtained by adding n pendent vertices at each vertices in cycle Ci. let
Us,Vs,...,Un be vertices of cycle C,. now we shall add n pendent vertices at vertices in cycle C, to obtain graph G.
let vi+, be pendent vertex to vertex v;,i € {1,2,...,n}.

i.e. V(G) = {vy,vs,...,Uan} and E(G) = {vivis/1 < 1 < n}S{vwn}S{vivn+i/1 < 1 < n}. the vertex labeling functioin

f:V(G) —{0,£2,44, .. iL%J} defined as follows.

() g—2i+2 ;ifi=12,..,n
v;) =
2n — 2i ifi=n+1,n+2,....2n
the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*

: E(G) —— {0,1} is onto. also f satisfies the condition |e{0) — e{1)| < 1. hence, fis an absolute mean cordial
labeling for G. therefore, sunlet graph is an absolute mean cordial graph.

Ilustration 2.12. Absolute mean cordial labeling for sunlet graph S, with p = 14 and q = 14 is shown in
following Figure 6.

- 10 - 8
Figure 6: Absolute mean cordial labeling for sunlet graph S..

Theorem 2.13. Every gear graph Gris absolute mean cordial graph.

Proof. let G = G, be a gear graph. let cycle Cs, with V (Con) = {v1,Vs,...,Uony and E(G) =

{vivir/1 <1 < 2n} ${v,V2n}. let G = G be gear graph obtained by adding one vertex v, in centre of Cs, such a way
that vertices v1,Vs,...,Usn-1 are connected with vertex v,.

i.e. V(G) = {v,Vs,...,Uon} and E(G) = {vivi+1/1 < 1 < 2n}3{v10an}{00vi/1 = 1,3,...,2N —

V(G) — {0,42,+4, ... +| 4]}

1}. to obtain vertex labeling functioin/ * 217, we take following cases.
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Case-1: n # 3(mod4)
. (-1 (g+2-2i) ;ifi=1,2,....2n
f(vi) = .

—q ;ifi =10

Case-2: n = 3(mod4)

(-1)i(g+2 —20) :ifi=1,2,....2n -1
flvi)) =2 (1) g+4—2i) ;ifi=2n
—q :ifi =0

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {o0,1} is onto. also f satisfies the condition |e{0) — ed1)| < 1. hence, f is an absolute mean cordial
labeling for G. therefore, gear graph is an absolute mean cordial graph.

Ilustration 2.14. Absolute mean cordial labeling for gear graph Gs with p = 17 and q = 24 is shown in
following Figure 7.

-6 -10
8
Figure 7: Absolute mean cordial 3o099abelling for gear graph Gs.

Theorem 2.15. The swastik graph SWy,n € N — {1} is absolute mean cordial graph.

Proof. let G = SW,, be a swastik graph of size n, where n € N — {1}. we mention each vertices of SW; like v;;(i
= 1,2,3,4) = 1,2,...,41n). we see that |V (G)| = 16n — 4 and |E(G)| = q = 16n. the vertex labeling functioin
fV(G) — {0,42,+4, .., iL%J} defined as follows.

florg) =19 (=1)i(8n+2j) :ifj=1,2,...,4n

Fs) (—1)7FY(16n —2j +4) :ifj=2,3,....4n
g ) =
I 160 Jifj =1

—1)(25-2) ;ifj=2,3,....4n

(=1)

(-1)
. _ (=1 2n—2j—-2) ;ifj=1,2,....,4n—1
f(va4) = { (—1)7+1(2n 4 2) .if j = 4n

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {0,1} is onto. also fsatisfies the condition |ef0) — ed1)] < 1.
hence, fis an absolute mean cordial labeling for G. therefore, swastik graph is an absolute mean cordial graph.

Ilustration 2.16. Absolute mean cordial labeling for swastik graph SW, with p = 28 and q = 32 is shown
in following Figure 8.



P. Z. Akbari et.al /Kuey, 29(4), 7796 3100

—22 24 —26
41 -2
20 4 28
—30
0 —18 32 —32 30
69 -
p —28
8 ~10 12 —20 22
—12
10 e 2
—24 26
-8 G -4

Figure 8: Absolute mean cordial labeling for swastik graph SW..
Theorem 2.17. Every sunflower graph SF, is absolute mean cordial graph.

Proof. let G = SF,, be a sunflower graph obtained from wheel W,. let v, be apex vertex and v,,vs,...,un be the n
rim vertices of wheel Wi,.

the sunflower graph SF,is obtained from wheel by adding n vertices u,us,...,u,, where u;is connected with v;
and v, = 1,2,...,n — 1 and u,is coonected with v, and v,.

i.e. V(G) = {v1,V2...,Un,Us,Us,...,Un} and

E(G) = {vovi/1 <1 < n} {viviny/1 < 1 < n} S{uiwn) S{uivi/1 < 1 < n} S{uv,t S{uivi+1/1 < 1 < n} S{unvi}.

to obtain vertex labeling functioin/ * V(G) — {0, +2, %4, ..., ] }, we take following cases.

Case-1: n. = 0(mod2)

g+2—-2i ;ifi=1,2,...n
iife =10
2i—q ;ifi=1,2,..,5
2n— 21 ;ifi = ”"’2 ”j'l_...._'u
Case-2: n = 1(mod2)
q—l—?—?f ;ifi=1,2,....n
;ifi =0
2i—q cifi=1,2,.., 551
2n—2i—2 ;lf—e:%,”fy,...,u

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {0,1} is onto. also fsatisfies the condition |ef0) — ed1)] < 1.

hence, f is an absolute mean cordial labeling for G. therefore, sunflower graph is an absolute mean cordial
graph.

|

Ilustration 2.18. Absolute mean cordial 3100abelling for sunflower graph SF;with p = 11 and q = 20 is
shown in following Figure 9.
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_9 - 18

-16
14 16

2
Figure 9: Absolute mean cordial abelling for sunflower graph SF;.
Theorem 2.19. Every flower graph F, is absolute mean cordial graph

Proof. let G = F, be a flower graph obtained from helm H,. let v, be the apex vertex and v,,v,,...,u, be the n
vertices of cycle and u,u,,...,u, be the pendent vertices of helm H,. the flower graph is obtained from helm H,
by joining eachpendent vertices to the aopex vertex of helm. i.e. V(G) =

{U1,Vs,..0,Un,Us,Us,...,Un} and E(G) = {vovi/1 < 1 < n}S{voui/1 < 1 < n}S{v,vn}S{vivis/1 < 1 < n}. the vertex labeling

functioinf 1 V(G) — {0,+2,44, ., iL%J} defined as follows.

) g—2i+2 ;ifi=1,2,....n
flv:) = e
—q ;ifi =0

flu) = { 2n—2i+2 ;ifi=12,...,n

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {o0,1} is onto. also f satisfies the condition |ed0) — e{1)| < 1.
hence, fis an absolute mean cordial labeling for G. therefore, flower graph is an absolute mean cordial graph.

Ilustration 2.20. Absolute mean cordial labeling for flower graph F;with p = 7 and q = 12 is shown in
following Figure 10.
6

12

-12

i &
2 4
Figure 10: Absolute mean cordial labeling for flower graph F;.
Theorem 2.21. Every extended frienship graph F, ,is absolute mean cordial graph.

Proof. let G = F,,be a extended friendship graph obtained by considering n 4-cycles with common vertex. let
Uo be centre vertex and let {v,,v,,0s,..,U3n} be vertices such that {v;/i € {1,3,...,3n}} are connected to v,. also v;
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and vi.. are connected to vi,i € {1,4,7,...,3n — 2} to obtain graph G. the vertex labeling functioin
fV(G) — {0,42, 24, ... £[§]} gefined as follows.
g—i+1 ;ifi=1,3,...,3n
flu)=¢{ 2-2  ifi=2.4,..3n—1
—q ;ifi=10

the labeling function f defined as above is one-one, as there is no repeated vertex labels and induced funtion f*
: E(G) —— {0,1} is onto. also f satisfies the condition |ed{0) — e{1)] < 1.

hence, fis an absolute mean cordial labeling for G. therefore, extended friendship graph is an absolute mean
cordial graph.

Ilustration 2.22. Absolute mean cordial labeling for extended friendship graph F,;with p = 15 and q = 20
is shown in following Figure 11.
-2

o

-8 -6
Figure 11: Absolute mean cordial labeling for extended friendship graph F, ;.
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