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ARTICLE INFO ABSTRACT

We proved the gracefulness of graphs formed by connecting different graphs.
And found the result (1) The graph G is obtained by connecting a quadrilateral
and a quadrilateral with one chord through a path of arbitrary length is
graceful. (2) The graph G obtained through joined a quadrilateral with one
chord and a barycentric subdivision of C, (n = 0,2 (mod 4)) by a path of
arbitrary length is graceful. (3)The graph G obtained through joined a
quadrilateral with one chord G,and a quadrilateral snake G. by a path of
arbitrary length is graceful.
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1 Introduction

The concept of graceful labels was proposed by Rosa [8] in 1967, and the numbers in the figure are defined by

S.W. Golomb [4]. Many researchers have studied the gracefulness of graphs, please refer to Gallian’s survey

[3]. A large number of papers were found to have various applied in coding theory, radar communication,

cryptography, etc. For in-depth details on graph labeling applications, see Bloom and Golomb [2]. We accept

all the symbols and terms proposed by Harary [5]. We recall some of the definitions used in this article.

Iff: V—{0,1,...,q} is injective, and the induce function f+: E — {1,...,q} is defined as f(e) = [flw) — f(v)|. For

each edge e = (1,v) € E(G) is bijective. Graph G is called graceful graphics (if it allows graceful labels).

A graph is connected if every pair of points are joined by a path. [5]

A chord of a cycle is an edge joining two non-adjacent vertices of cycle C,. [9]

The quadrilateral snake Q. is obtained from the path P, by replacing every edge of a path by cycle C,.[1]

Let G = (V, E) be a graph. If each edge of a graph G is subdivided, the resulting graph is called the barycentric

subdivision of graph G. In other words, the barycentric subdivision is a graph obtained by inserting 2 degree

vertices. Enter each edge of the original graphic. The subdivision of the barycentric of any graph G is

represented by the S(G). Very easily observe |VS(G)| = |V(G)| + |E(G)| and |ES(G)| = 2| E(G)|. [10]

In this paper, the gracefulness of the graph formed by connecting different graphs is discussed. And found the

following result

1.The graph G is obtained by connecting a quadrilateral and a quadrilateral with one chord through a path of

arbitrary length is graceful.

2. The graph G obtained through joined a quadrilateral with one chord and a barycentric subdivision of C, (n
= 0,2 (mod 4)) by a path of arbitrary length is graceful.

3. The graph G obtained through joined a quadrilateral with one chord G, and a quadrilateral snake G. by a
path of arbitrary length is graceful.

For a detailed investigation of graph labeling, we refer to Gallian[3].

2 Main Results:
2.1 Theorem

The graph G is obtained by connecting a quadrilateral and a quadrilateral with one chord through a path of
arbitrary length is graceful.
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Proof':
Let G = (V, E) be a graph obtained by connecting a chord quadrilateral and a quadrilateral with a path Py of
length k-1. Let {uy,u,,us,u,} be vertices of a quadrilateral G,, {w:,w,,ws;,w,} be vertices of a quadrilateral with

one chord G. and {v,,v,,.....,ux} are the vertices of the path Pk, where v, = u, and vk = w;,. We consider the
following two cases.

Case-1: Length of Pxis odd.
Define f: v — {0,1,....q}, where q (number of edges of graph

G)=9+k.
f(ul) = 9 + k f(wl) = f(vzn)
f(uz) = 0 f(w.) = f(van-1) +1
f(ug) = f(u) - 1 f(ws) = f(w,) - 2
f(u4) =2 f(w4) = f(wg) +1
f(vy) = f(uy) f(vo) = f(us) - 1
f(US) = f(vl) +1 f(U4) = f(Uz) -1
f(vs) = f(vy) +1 f(ve) = f(vy) - 1
f(v,) =f(vs) +1 f(vg) = f(ve) - 1
Hvont1) = Hvon—1) + 1 Hvont2) = Hvon) - 1.
(Vn=1.,2,..) (n = graphic position, k-1 = path length P)
2.2[llustration

The graceful labeling of the diagram J acquired by interfacing a quadrilateral and a quadrilateral with one
chord through the way Ps displayed in FIG.1.

14 2 12 3 11 4 10 6

Figure 1: An graceful labeling of a diagram J, which is framed by interfacing a quadrilateral
and a quadrilateral with one chord of way Ps, where p = 12 (the quantity of vertices for chart
G) and q = 14 (the quantity of edges for diagram G).

Case-2: Length of Pyis even.

Define f: v — {0,1,....q}, where q (number of edges of graph
G)=9+k.

fu)=9+k f(w,) = f(von-1)+1
flu.) =0 f(w.) = f(van) - 1

flus) = f(w) - 1 f(ws) = f(wy) + 2
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f(U4) =2

f(v,) = f(uy)
f(vy) = f(v)+1

f(vs) = f(vg)+1

f(v,) = f(v5)+1

f(v2n+1) = f(v2n-1) + 1

fw,) = f(w.) - 1

f(v2) = f(up) - 1
f(vy) = 1f(v2) -1

f(ve) = f(vy) -1
f(vs) = f(ve) - 1

f(van+2) = f(v2n) - 1.

(Vn=1,.2,..,

V k =1,2,....). (n = graphic position, k-1 = path length Px)

In both cases, we can verify that f is a graceful label of graph G.

2.3 Theorem
The graph G obtained through joined a quadrilateral with one chord and a barycentric subdivision of cycle C,
(n = 0,2 (mod 4)) by a path of arbitrary length is graceful.

Proof:

Case-1: First, for C,, we take n = 4, that is C,

Let G = (V, E ) be the graph obtained through joined two graphs, a quadrilateral with one chord and a
barycentric subdivision of cycle C, (n = 0,2 (mod 4)) by a path Piof length k-1. Let {u,,u,,us,u,} be vertices of
a quadrilateral with one chord G, {ws,w.,ws,w,} be vertices of C, and {x;,x2,x5,x,} are inserted vertices due to
barycentric subdivision , i.e. {w.,x;,W.,X.,Ws,X5,W,4,X,} be vertices of a barycentric subdivision of cycle G, and
{v1,Va,.....,Uk} be vertices of the path P, with v, = u, and vr = w,. We consider the following cases.

(A): Length of Piis odd.
Define f: v — {0,1,....q}, where q (number of edges of graph G) = 13 + k.

f(uy) = 13 + k
( 2) =0

uz) = l(u:) -2
f(ul)

f(wy) = f(v2n)

f(twe) = fwy) - 1

f(wg) = f(wa) - 1
f(wy) = f(wy) - 1

f(vy) = f(uy) f(vo) = f(uy) - 1
f(vg) = f.(l'|) -1 l.(l’|) — "(f':r) -1
r(l'r,) = r(l';‘) | | l\(l‘(,) — f(f',;) -1

f(vr) = f(vg) + 1 f(vg) = f(vg) - 1

l.(l"_’li'l) - l.(l".!n 1) + 1 [»(I'Zvn'.‘) - ]A("‘.“u) -1
f(.l'l)‘ f((‘-_n,, 1)1

f(.l‘,{) = l(l__») + 2

f(.l'g) — |<(AI'|) -+ 1
f(xzy) = f(ag) + 1

(VN =1,2,..,¥ &= 1,2,..).

(n = graphic position, k-1 path length /)

2.4I1lustration
The graceful labeling of the graph G obtained by connecting a quadrilateral with one chord and a barycentric
subdivision of cycle C, through the path P,shown in FIG. 2.
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16 1 13 2 12 7 9

Figure 2: Graceful labeling of a graph G, which is formed by connecting a quadrilateral with
one chord and a barycentric subdivision of cycle C, through the path P,, where p = 14 (the
number of vertices for graph G) and q = 16 (the number of edges for graph G).

(B): Length of Py is even.
Define f: v — {0,1,....q}, where q (number of edges of graph G) = 13 + k.

f(u,) =13 + k f(w)) = f(vy,q) + 1
f(ug) =0 f(ws) = f(wy)+1
fluz) = f(u1) -2 f(ws) = f(wa+1
flug) =1 f(wy) = f(ws)+1
f(vy) = f(uy) f(vg) = f(u3) - 1
f(vg) = f(vy)+1 f(vg) = f(v) - 1
f(vs) = f(v3)+1 f(vg) = f(vy) - 1
f(v7) = f(vs)+1 f(vs) = f(vg) - 1

(n = graphic position, k-1 = path length P)
In both cases, we can verify that f is a graceful label of graph G.

Case-2: Now we take n = 6 for Cy, that is Cs

Let G = (V, E ) be the graph obtained through joined two graphs, a quadrilateral with one chord and a
barycentric subdivision of cycle Cs by the path Prof length k-1. Let {u,us,u3,u4} be vertices of quadrilateral with
one chord Gi, {ws,w.,ws,w,ws,we}r be vertices of Cs and {x1,xs,X3,X4,X5,X6} are inserted vertices due to
barycentric subdivision, i.e. {tw:,X1,W2,Xs,103,X3,104,X4,Ws,X5,We, X6y be vertices of a barycentric subdivision of
cycle G, and {vs,V,,.....,ux} be vertices of the path Prwith v, = u, and vk = wi. We consider the following cases.

(A): Length of Piis odd.
Define f: v — {0,1,....q}, where q (number of edges of graph G) = 17 + k.
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2.51llustration

f(u"l) = f(l"’u) H‘TI) = f(‘{"lu—l)+1
f(ws) = f(uy) - 1 fzo) = f(z1) + 1
f(ws) = f(ws) - 1 f(x3) = f(a2) + 1

f(wg) = f(ws) - 1 f(xg) = f(x5) + 1
f(vy) = f(uy) f(ve) = f(ug) - 1
f(vz) = f(vy) + 1 f(vg) = f(vg) - 1
f(vs) = f(vg) + 1 f(vg) = f(vg) - 1
f(v7) = f(v5) + 1 f(vg) = f(vg) - 1

(n = graphic position, k-1 = path length P})

The graceful labeling of the graph G obtained by connecting a quadrilateral with one chord and a barycentric
subdivision of Cs through the path P, shown in FIG. 3

20

18 14
4
15
3|
1 17 2 16

5

9

13

17
12
8
11

Figure 3: Graceful labeling of the graph G, which is formed by connecting a quadrilateral with
one chord and a barycentric subdivision of C¢ of path P,, where p = 18 (number of vertices for

graph G) and q = 20 (number of edges for graph G).

(B): Length of Py is even.

Define f: v — {0,1,....q}, where q (number of edges of graph G) = 17 + k.
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Case-3: In General for C,

Let G = (V, E) be the graph obtained through joined two graphs, a quadrilateral with one chord and a
barycentric subdivision of cycle C, (n = 0,2 (mod 4)) by a path Py of length k-1. Let {u,,u,,us,u,} be vertices of
a quadrilateral with one chord G, {ws,ws,ws,...,W.is»} be vertices of cycle Cairo and {x1,X0,Xs,..., X040 are inserted
vertices due to barycentric subdivision i.e. {ws:,Xi,Wa,X2,W3,Xs,...,Wair2,X0isay be vertices of a barycentric

subdivision of cycle G. and {v,,vs,.....,Ux} be the vertices of the path Piwith v, = u, and vx = w,. We consider the
following cases.

(A): Length of Py is odd.

f(uy) =17+ k f(uz) = 0

f(ug) = f(uy) - 2 fluy) =1

f(wn) = f(van1)+1 £(z1) = fv3n) - 1
flws) = f(wy) + 1 f(2p) = f(2))-1
f(ws) = f(wa) + 1  f(x3) = f(zp)-1
flwy) = fws) + 1 f(xy) = f(x3)-2
flws) = f(wy) + 1 f(z5) = f(24)-1

(v1) = f(uy) f(vg) = f(uz)-1
f(vz) = f(v1)+1  f(vg) = f(va)-1
f(vs) = f(vs)+1  f(vg) = f(va)-1
f(or) = f(u5)+1 K(vs) = ()1

Vn=12..Vk=12.)

(n = graphic position, k-1 = path length Py)

Define f: v — {0,1,....q}, where q (number of edges of graph G) = (4j + 9) + k.

(n = graphic position, k-1 = path length Py, j = labeling according to C, (n = 0,2 (mod 4))

f(eey)
[Ces)

flery)

()
{(eery)

f(ew,,)
fCen)
I(erg)
fon)
FCer)

ez,

(V n

(4) -+ 9) -+ k.
fey) - 2
f(va,) FCay)
ey ) 1 f(aa)
(ews) - 1 (i)
(.
ey, ) 1 (g,
F(tey) (o)
FCery) 4+ 1 F(ey)
(o) + 1 f(ea)
FCepn) 4+ 1 (es)
flean 1)1 F( e
1,2 VA 1,2,

f(era)
(eeq)

8]
1

)1

Farg )1
Cirs)+41

nd1) + 2

va) f(2ayiq) + 1

() -
() -

£(ea)

F(ew) -
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(B): Length of Py is even.
Define f: v — {0,1,....q}, where q (number of edges of graph G) = (4j + 9) + k.

o) = fug)  B(vg) = fug) - 1

f(os) = f(v1) + 1 f(vg) = (o) - 1
f(vs) = f(v3) + 1 f(vg) = f(vy) - 1
f(v7) = f(vs) + 1 f(vg) = f(ve) - 1

f("211+l) = f(“‘?u—]) F1 f(‘['2n+2) = f('l"ln) - 1.
(Vvn=12,..,Yk=12,.,Vj=1,2,..)
(n = graphic position, k-1 = path length Py, j = labeling according to C, (n = 0,2 (mod 4))

In both cases, we can verify that f is a graceful label of graph G.

2.6 Theorem
The graph G obtained through joined a quadrilateral with one chord G,and a quadrilateral snake G. by a path
of arbitrary length is graceful.

Proof:

Let G = (V, E ) be the graph obtained through joined two graphs, a quadrilateral with one chord G;and a
quadrilateral snake G, by a path Py of length k-1. Let {u,,u,,u3,u4} be vertices of a quadrilateral with one chord
G, {w1,Ws,Ws,...,wrk} be vertices of a quadrilateral snake G, and {v;,vs,.....,Ux} be vertices of the path Piwith v,
= u,and vk = w;. We consider the following cases.

Case-1: Length of Pxis odd
Define f: v — {0,1,....q}, where
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q=4n+ {'—).j +4, fork=2j—-1

Vi =2,2 s VT =182, o, VE=1.210)
(j = labeling in the graph. k-1 = path length P, q = number

of edges of a graph G, n = no. of snakes in graph G)

f(u1) = q flus) =0
f(uz) = f(ur) - 2 flug) = 1

f(v1) = fua) f(v2) = f(u3) - 1
f(vg) = (o) + 1 f(vg) = f(wo) - 1

f(voj41) = H(voj-1) + 1 f(uoj42) = f(vg;) - 1

f(ws) = f(l‘g(, 1)+ 1 fork =2j-1

flun) = f(vo)) fork=2j-1

f(wej—3) = f(wgj—5) - 2
f(wgj—2) = f(wej-4) + 1
f(wgj—1) = flwgj—3) - 1
f(wej) =
f(ll‘(s_,‘q) =

flweizo)

f(ll'(;'j,g) + 2
f(wgj—1) - 1
f(we:) + 1

2.7 Illustration
The graceful labeling of the graph G obtained by connecting a quadrilateral with one chord and a quadrilateral
snake through the path P,shown in FIG. 4

0 18 3 1413 6 7 10

20 1 17 2 16 4 12 8

Figure 4: Graceful labeling of the graph G, which is formed by connecting a quadrilateral with
one chord and a quadrilateral snake of path P,, where p = 16(no. of vertices for graph G) and
q = 20(no. of edges for graph G).

Case-2: Length of Pxis even. Define f: v — {0,1,....q}, where
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q=4n + {2] + 5, fork=2j

(Vr=21,2,..;Vji=7,2,c.c; M =7, 2;0.)
(j = labeling in the graph, k-1 = path length P}, q = number

of edges of a graph G, n = no. of snakes in graph G)

f(wy) = f(vajs1) for k = 2j
f(ws) = f(vy;) - 1 for k = 2j

f(wej—3) = f(wej—5) + 2

f(wej_2) = f(wgj_g) - 1

In both cases, we can verify that f is a graceful label of graph G.

2.8 Concluding Remark

The current work has contributed some new results. We discussed the gracefulness of the graph obtained by
connecting (1) a quadrilateral with one chord and a quadrilateral (2) a quadrilateral with one chord and a
barycentric subdivision of cycle C, (3) a quadrilateral with one chord and a quadrilateral snake, through a path
of arbitrary length. The mark pattern is displayed through illustrations to better understand the derived results.
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