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ARTICLE INFO ABSTRACT
In this paper, we discuss some new properties of Balancing Numbers. We discuss
the generalisation of a property, some known properties can be derive as a special
case of this property. We investigate some congruences of Balancing Numbers.
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1 Introduction:

Balancing number is a positive integer B which satisfies the equation:1+2+3+--+B-1)=(B+1 +
(B+2)+ -+ (B +k), where k is called balancer. For example, B = 6,35,204,1189 are balancing numbers
and k = 2,14,84,492 respectively are balancers. A. Behera and G.K Panda [1] introduced the concept of
balancing numbers in 1998.
The search for balancing numbers is well known integer sequence was first initiated by Liptai [2]. He proved
that there is no balancing number in the Fibonacci sequence other than 1. He further showed that sequence
balancing numbers in odd natural numbers are the sums of two consecutive balancing numbers.
Behera and Panda [1], while accepting 1 as a balancing number, have set B, = 1, B; = 6, and so on, using the
symbol B, forthe n'* balancing number. Panda [4] has relabel the balancing numbers by setting B, = 1,B, =
6 and so on to standardize the notation at par with Fibonacci numbers.
Some results established by Behera and Panda [1] can be stated with this new convention as follows:
The second order linear recurrence:
B4, =6B, —B,_; forn>2--(1)
The relation:
B, =By11Bn_ —B.Byy_,_ for 1<r<n—2--(2)
The Binet form:
B, = A7 forn=12,--- 3)

A1—2z
where 4, =3 ++8 and 1, =3 -8
The relation:

Bpy1Bpy = (B + (B, — 1) (4)

Now using (1), wecanset B—0=B, —6B; =6—6(1) =0

2 Properties of Balancing Numbers:

We know that if n,r and k with r < k are real numbers, then (n+k—r)(n+7r)—n(n+k) =r(k —7). In
the following theorem we prove an analogous property of balancing numbers. This theorem also generalizes
some known properties of Balancing numbers.

Theorem 2.1 Bpy—yBnir = BuBnik = B By—r for r < k.
Proof: Using the Binet form (3)
Bn+k—an-§cr - Bnan+k . X
_ A;:L"— _T—Ag-'— -Tr (A‘{L"'T_A‘;L"'T) _ (A?_Ag) A?"— —Ag'-'—
A1—22 A1—2z A1—2z A1=2z
_ (A%ka_A{L+k—rag+r_a?+rlg+k—r+A%n+k) _ (/1{"’“"—2711/12”‘—/1{”"1241%“”‘)

(A1-22)? (A1-22)?
_ A¥A‘£L+k_a?+k—rlg+r_A?+rag+k—r+l¥+k[g

(A1-22)?
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Behera and Panda [1] have proved that B, = B,;1B,_, — B,B,_,_; for 1<r <n—1 and Panda [4] has

proved that B,,,,Bn,_, = B4 — B2. The following theorem shows that these two results are special cases of the
Theorem 2.1.

(v 44, = 1)

Theorem 2.2 (1)B, = B, ;1B — ByBp__1 for 1<r<n—1.
(2)BysnBm-n = B4 — BZ for m > n.
(B)Bm+n = BmBnt1 — B-1By.
Proof: (1) Replace n by 1 and k by n — 1 in the Theorem 2.1, we have
Biin-1-rBi+r = BiBiyn-1 = ByBp_1
“ByyBry1 = By = ByBy_ryq
“ By =By yBry1 = ByBy_ry
(2) Replace n by m —n, k by 2n and r by n in the Theorem 2.1, we have
Bm—n+2n—an—n+n - Bm—an—n+2n = BnBZn—n
“ BB = Bj—nBu+n = BnBy
“ B} = B = BnynBmn
(3) Replace n by 1, r by n and k by m +n — 1 in the Theorem 2.1, we have
“ Biymin-1-nB1+n = BiBiimin-1 = BuBmin-1-n
“ BmBns1 = Bypin = ByBm-1
“ BnBny1 = Bm-1By = Bpyn B

Theorem 2.3 B, BB, kBnik+2 + 9BE is always a perfect square for k € N.
Proof: Replace k by k+ 2 and r by k in the Theorem 2.1, we have
Bhik+z-kBn+k = BnBnik+z = BiBria—k
“ Buy2Bnsk — BnBuiksz2 = BiB;
“ Buy2Bnik = BnBpik+2 + 6By
Ban+ZBn+an+k+2 + 93% = Ban+k+2(Ban+k+2 + 6Bk) + 9bl§
= (BuBpik+2)® + 6By (ByBpys2) + 9BI§
= (BuBpsks+2 +3Bi)? or (BnizBnik — 3Bi)? n

Theorem 2.4 7-5"2—-1<B,<35-6"3+1 for n>3.
Proof: Using recurrence relation (1), we have
B,=6B,_1—B,_, for n=3
=5By_1+Bn1 — By
>5B, 1 +4 (+ By_1 — B_, >4 forall n>3)
By continuing this process up to n — 2 steps, we have
B, >5"?B, +4(5" 3 +5"* 4+ ...52+ 5+ 1)

=7-5"2-1

Now again
B,=6B,_ ,—B,_, for n=3
< 6B, 1—1 ( By, = 1)
By continuing this process up to n — 2 steps, we have
B, <6"?B,— (6" 3 +6M*+-62+6+1)

n-1 56" 3-5
<6 - ( 5 )
=6"1—-6"3+1
=35-6"3+1

Thus 7-5"2?—-1<B,<35-6"3+1 foralln>3m
S. J. Gajjar [5] has proved that if B, is the n‘" balancing number, then B, = u,v,, where v, +2u, = (1 +
V2)™. Also he has proved that B, = uzﬂ Using these results, we prove the following theorem.
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_1yn k-1 2n
Theorem 2.5 B, = 5 2k=1 2 (Zk = 1)

Proof: We know that v, +2u, = (1+v2)".
S l72n + \/Euzn = (1 + \/E)ZTL
By comparing the coefficient of v/2 of both the sides, we have

wan = () 42 (2 422 () 4t (20 )23 k()

Uzn 1 n k—1 2n
= —=— | ]
Bn 2 zzkzl 2 (Zk - 1)

B, (mod By) if n iseven
Theorem 2.6 For 0 <r <k By,4r E{—Bk_lBr (mod By) if n isodd

Proof:
Bkn+r = Bk(n—1)+r+k
= Br(m-1)+rBr+1 = Brn-1)+r-1Bx
= Br(n-1)+rBk+1 (mod By)
= Br(n-1)+r(6Bx — Bx—1) (mod By)
= —Br(m-1)+rBxk-1 (mod By)
= (_1)sz(n—2)+rBI%—1 (mod  By)
= (=1)?Bi(n-2y+r(Bk—2Bx + 1) (mod By)
= (—1)*By(n-2)+r (mod By)

After EJ steps we have,
Bk‘n.+‘r = (_1)2[EJBkn+T—2[;Jk

(=1)"B,. (mod By) if n iseven
(D" By, (mod B,) if n isodd

B, (mod By) if n iseven
ByBri1 — Bx_1B, (mod Bj) if n isodd

B, (mod By) if n iseven
—Bi_1B, (mod Bj) if n isodd u

3 Concluding Remarks:

In this paper, we have investigated some new properties of Balancing Numbers. We have found bound of
Balancing Numbers. Also we have found congruence relation of Balancing Numbers. Such more relations and
properties can also be found and it is an open area of research.
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